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URL: http://www.ing.unitn.it/~mgei/The band structure of dispersion diagrams for axial and ﬂexural waves of quasiperiodic inﬁnite beams is
investigated. Every structure is composed of a repeated elementary cell generated adopting the Fibonacci
sequence (different terms of this sequence are investigated); the problem is then solved evaluating the
transmission matrix of the cell and applying the Floquet–Bloch technique. In the case of axial vibrations,
a homogeneous rod where the quasiperiodicity is given by the particular distribution of external springs
is considered, while for the ﬂexural problem the quasiperiodicity is deﬁned in terms of relative distance
between the simple supports that sustain the beam. In both cases it is shown that, for different Fibonacci
sequences, the number of stop/pass bands within a deﬁned range of frequencies changes and follows the
Fibonacci recursion rule showing a self-similar pattern. In addition, the overall dispersion characteristic
can be interpreted in terms of an invariant function of the circular frequency, independent of the
sequence generating the elementary cell. For ﬂexural waves, the effects of the axial prestress on disper-
sion diagrams is highlighted and the frequency-shift of the stop/pass band positions is quantiﬁed. It is
noted that a tensile axial prestress promotes length reduction of pass bands while leaves almost
unchanged the length of stop-band intervals.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
A periodic structure or a material with a periodic microstruc-
ture displays particular ﬁltering properties for electromagnetic
and acoustic waves that can be exploited in several applications
concerning design of ﬁlters, resonators, and waveguides. This phe-
nomenon has been extensively studied in the last twenty years in
optics and solid mechanics, starting from the works of Yablonov-
itch (1987), John (1987), Kohmoto et al. (1987), Sigalas and
Economou (1992), Kushwaha et al. (1993), that have extended con-
cepts and methodologies discovered and developed in solid state
physics (Kittel, 1953). Recent developments of the research in this
ﬁeld comprise the realization of metamaterials (Smith et al., 2000;
Brun et al., 2009) and superlenses (Pendry, 2000; Ambati et al.,
2007), the design of efﬁcient waveguides (Sigmund and Jensen,
2003), the exploitation of microstructural instability in a porous
continuum to switch between states having different dynamic
behaviours (Bertoldi and Boyce, 2008), the ability to tune the
properties of the composite applying forces or electric/magnetic/
thermal ﬁelds (Ruzzene and Baz, 2000; Khelif et al., 2003; Bigoni
et al., 2008).ll rights reserved.When the body is inﬁnite, the effect of the periodicity on the
dynamic behaviour can be investigated considering only the ele-
mentary cell of the problem and applying the Floquet–Bloch theo-
rem. The result is the dispersion diagram displaying ranges of
frequencies associated with waves that can propagate along the
body (pass bands) alternated with ranges of frequencies corre-
sponding to waves that cannot be transmitted (stop bands or band
gaps). For a ﬁnite structure, the analysis is based on the evaluation
of a transmission coefﬁcient that measures the energy transferred
through the periodic body from the signal source to the control
point.
Despite the quite recent developments described above, in the
ﬁeld of structural mechanics periodic structures have been investi-
gated and used as passive ﬁlters for waves and vibrations for over
ﬁfty years. Lin (1962) quotes Miles (1956) as the ﬁrst to study
vibrations of a ﬁnite beam with rigid supports; however, the main
contributions on the ﬁeld have been given by Mead and co-authors
(see Mead, 1998, 2002, and references cited therein), while the
recent papers by Gonella and Ruzzene (2008), Gonella et al.
(2009) show how the structural mechanics approach can be em-
ployed in the design of effective multifunctional microstructures.
A less investigated ﬁeld in structural mechanics is that of qua-
siperiodic structures, that are formed by a set of – typically two
– homogeneous parts combined to create a – so called – quasicrys-
talline pattern: in the one-dimensional setting the Fibonacci
ab
Fig. 1. (a): Axial vibrations of a quasiperiodic rod: elementary cell for the sequence F3 = (LSL). Every spring has stiffness equal to R/2; (b): ﬂexural vibrations of a quasiperiodic
beam: elementary cell for the sequence F3. Symbols r and l denote right and left-hand boundaries of the cell.
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the Thue–Morse sequence, Liu and Zhang, 2007), while in plane
problems an example of a quasicrystalline tessellation is the Pen-
rose tiling (Penrose, 1974).
This paper aims at investigating the dynamics, for both axial
and ﬂexural waves, of a periodic one-dimensional inﬁnite structure
with the elementary cell generated following the Fibonacci se-
quence1 (Fig. 1) and subjected to an axial prestress, extending to
structural mechanics the features of phononic quasiperiodic crystals
(see, e.g., Hou et al., 2004; Aynaou et al., 2005; Chen and Wang,
2007; King and Cox, 2007).
The problems are solved building the transmission matrix of the
elementary cell and applying the Floquet–Bloch conditions, yielding
a set of eigenvalue problems for the circular frequency. In particular,
for both axial andﬂexuralwaves, the followingaspects are analysed:
 the number of stop/pass bands in terms of the generation index
i of the elementary cell;
 the self-similarity of dispersion diagrams changing the genera-
tion index i;
 the role of the invariant introduced by Kohmoto et al. (1983)
and specialised in the context of quasiperiodic beams;
 the ability of the axial prestress to shift the stop/pass bands in
the ﬂexural wave problem and modify the length of the latter.
The results contained in this article show that quasiperiodic
structures have very peculiar characteristics that propose them
as interesting candidates for the realization of very sensitive ﬁlters
and insulators for applications in micromechanics and mechanical
and civil engineering.
2. An introductory example: axial waves in a quasiperiodic rod
The problem here described provides a simple example in order
to understand the main features of a dispersion diagram of a qua-
siperiodic structure.
Consider an inﬁnite homogeneous rod with cross-section area,
Young modulus and mass density per unit length equal, respec-
tively, to A, E, and q, with concentrated longitudinal springs of stiff-
ness R distributed along the axis following a periodicity dictated by
repetition of an elementary cell. The springs inside this cell are
spaced according to the Fibonacci series, as in Fig. 1a, where the
structure generated by F3 = (LSL) (see footnote 1) is sketched.1 The standard Fibonacci sequence obeys the recursive rule Fi = (Fi1Fi2) (iP 2),
where i is the generation index, with F0 = (S), F1 = (L), so that F2 = (LS), F3 = (LSL) and so
on. The number of elements of Fi is equal to ni = ni1 + ni2 (iP 2,n0 = n1 = 1), with
limi>1ni+1/ni = /, where / represents the golden mean / ¼ ð
ﬃﬃﬃ
5
p þ 1Þ=2
h i
.If we denote by u(z) the displacement function along the rod,
where z is the longitudinal axis, the axial force N(z) is given by
N(z) = EA u
0
(z) and the equation governing harmonic waves is
u00ðzÞ þ Qx2uðzÞ ¼ 0; ð1Þ
where Q = q/EA, with solution
uðzÞ ¼ C1 sin
ﬃﬃﬃﬃ
Q
p
xz
 
þ C2 cos
ﬃﬃﬃﬃ
Q
p
xz
 
: ð2Þ
At a point z* where a spring is connected to the structure the
displacement is continuous, while the axial force suffers the jump
NðzþÞ  NðzÞ ¼ RuðzÞ: ð3Þ
To obtain the dispersion diagram of the periodic rod, displace-
ment and normalized axial force at the right-hand boundary of
the elementary cell, respectively ur and u0r , have to be given in
terms of those at the left-hand boundary, ul and u0l, as
Ur ¼ T iU l; ð4Þ
where U j ¼ uj u0j
h iT
and Ti is a transmission matrix of the cell of
the sequence Fi. This matrix is the result of the product
T i ¼
Yni
p¼1
RTX ; ð5Þ
where, from (3),
R ¼ 1 0
R 1
 
R ¼ R
EA
 
;
and TX (X 2 {L,S}) is the transmission matrix relating quantities
across a single span (of length lL or lS depending on the sequence)
given by
TX ¼ cos
ﬃﬃﬃﬃ
Q
p
xlX
	 
 sin ﬃﬃﬃﬃQp xlX	 
ﬃﬃﬃﬃ
Q
p
x
 ﬃﬃﬃﬃQp x sin ﬃﬃﬃﬃQp xlX	 
 cos ﬃﬃﬃﬃQp xlX	 

2
64
3
75: ð6Þ
Transmission matrices Ti have some important properties that
can be exploited in the analysis of quasiperiodic structures:
 they follow the recursion rule Ti+1 = Ti1 Ti, with T0 = RTS and
T1 = RTL;
 they are unimodular, i.e. detTi = 1, and taking the trace of the
equationT iþ1 þ T1i2 ¼ T i1T i þ T i1T1i ;
it can be shown that the half trace yi = trTi/2 follows the recursive
rule (Kohmoto et al., 1983)
a b
c
Fig. 2. Dispersion diagrams for axial waves for rods generated by elementary cells given by elements (a) F0 and F1, (b) F2 and F3; (c) global dispersion diagram for rods
generated by elements Fi (i = 0, . . . ,7) (long-dashed line: solution for F0; short-dashed line: solution for F1; solid lines: cumulated diagram for cases F2 to F7) and stop bands
common to all elements of the Fibonacci sequence (frequency intervals where waves cannot propagate in any structure generated by a generic Fi with i = 0, . . . ,1), to all
elements Fi with i = 1, . . . ,1, and to all elements Fi with i = 2, . . . ,1. In all plots lS = lL/2 and RlL ¼ 10.
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ﬃﬃﬃﬃ
Q
p
xlS
 
þ R
2
ﬃﬃﬃﬃ
Q
p
x
sin
ﬃﬃﬃﬃ
Q
p
xlS
 
;
y1 ¼ cos
ﬃﬃﬃﬃ
Q
p
xlL
 
þ R
2
ﬃﬃﬃﬃ
Q
p
x
sin
ﬃﬃﬃﬃ
Q
p
xlL
 
;
y2 ¼
1
4Qx2
R2 cos
ﬃﬃﬃﬃ
Q
p
xðlL  lSÞ
h in
 ðR2  4Qx2Þ cos
ﬃﬃﬃﬃ
Q
p
xðlL þ lSÞ
h i
þ4
ﬃﬃﬃﬃ
Q
p
xR sin
ﬃﬃﬃﬃ
Q
p
xðlL þ lSÞ
h io
:The Floquet–Bloch condition requires that Ur = exp(iK)Ul, so
that, combining this with (4), the dispersion equation takes the
form
jT i  expðiKÞIj ¼ 0: ð8ÞAs Ti is unimodular, it turns out that
K ¼ arccos trT i
2
 
; ð9Þ
that is a real quantity if jtrTi/2j 6 1.
2.1. Results
Dispersion diagrams showing real solutions of Eq. (9) are
reported in Fig. 2 for lS = lL/2 and RlL ¼ 10. In part (a) the series F0
(all springs are at a distance equal to lS) and F1 (all springs are at
a distance equal to lL) are considered, while part (b) displays results
for F2 and F3. Due to the properties of trTi, each plot can be divided
along the horizontal axis (where the dimensionless frequencyﬃﬃﬃﬃ
Q
p
xlL is reported) in ranges of length equal to 2p. Each range is
characterized by the same number of stop and pass bands. In par-
ticular, for a generic Fi this number corresponds to ni+1 (footnote 1).
We also note that in all plots cut-off frequencies are present due to
the discrete distribution of springs which prevent low-frequency
modes.
Fig. 3. Stop-band structure for rods generated by sequences F0 to F6, for lS = lL/2 and RlL ¼ 10; # sb/pb denotes the number of stop and pass bands. Index k identiﬁes the
following values of the dimensionless frequency
ﬃﬃﬃﬃ
Q
p
xlL , useful in Fig. 4: 2.44 (k = 1), 2.63 (k = 2), and 5.30 (k = 3).
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ative to problems where the elementary cell is generated by
sequences F0 to F7 is reported. It is interesting to note that the various
branches of single diagrams localize within certain ranges of fre-
quencies and stop bands common to all Fi’s emerge. The position of
these commonstopbands (i.e., frequency intervalswherewavescan-
not propagate in any structure associated with a generic Fi) is there-
fore a characteristic of the Fibonacci sequence and can be controlled
by changing the ratio lS/lL and the elastic properties of the system.
The distribution of stop and pass bands can be understood
introducing an invariant function similar to that introduced by
Kohmoto et al. (1983) analyzing certain solutions of the Schröding-
er equation in the presence of quasiperiodic potentials and em-
ployed by Kohmoto et al. (1987) investigating the transmission
properties of photonic crystals. Since the recursion rule (7) is satis-
ﬁed, it can be shown (see Kohmoto et al., 1983) that the following
quantity is an invariant of the problem, independent of index i,
JðxÞ ¼ y2iþ1 þ y2i þ y2i1  2yiþ1yiyi1  1: ð10Þ
In our case,
JðxÞ ¼ R
2
4Qx2
sin2
ﬃﬃﬃﬃ
Q
p
xðlL  lSÞ
h i
; ð11Þ
which has null values if
ﬃﬃﬃﬃ
Q
p
xðlL  lSÞ ¼ kp ðk 2 NÞ for lL– lS. Differ-
ently from the case of Kohmoto et al. (1987) and Aynaou et al.
(2005), where the invariant is a sinusoidal function of the circular
frequency, here J(x) is a combination between a periodic function
and a hyperbola, reaching the highest values for low frequencies.
The function (11) is null when R ¼ 0 –no springs placed along the
rod– and also when lL = lS, in which case the quasiperiodicity is lost.
For R–0, whenever lL– lS the structure displays the features of
quasiperiodicity.
In Fig. 3, the band structure within the ﬁrst range of frequencies
ð0 6 ﬃﬃﬃﬃQp xlL 6 2pÞ is sketched for beams generated from sequences
F0 to F6 (for lS = lL/2). We have already noted that the number of
stop and pass bands for a generic Fi is equal to ni+1. Moreover, the
diagram displays a self-similar pattern as long as the generation in-
dex i of Fi increases, as also shown in the enlarged range in the low-
er part of the ﬁgure, where 2:3 6
ﬃﬃﬃﬃ
Q
p
xlL 6 3. Every pass band (a
white space in each row of Fig. 3) generates a similar sequence
of pass bands in the following rows according to the Fibonacci
recursion rule 1, 1, 2, 3, (5,8, . . .), as highlighted by rectangles
placed at different positions of the diagram.The function J(x) controls also the scaling of pass-band widths
changing the sequence Fi. In quantum mechanics, Kohmoto and
Oono (1984) established that the ratio between the widths of
two pass bands (for Fi and for Fi+3, respectively, "i) centered at
the same frequency is given by the factor f, which depends on J
through the relationship
f ðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4½JðxÞ þ 12
q
þ 2½1þ JðxÞ: ð12Þ
Compared to the case investigated by Kohmoto and Oono,
where J was a constant, here the quantity f depends onx, however
its role in setting the scaling is essentially the same. To clarify this
point, let us consider the plot of f in Fig. 4a, where the scaling
behaviour of pass-band widths is analyzed for four values
(k = 1, . . . ,4) of the dimensionless circular frequency
ﬃﬃﬃﬃ
Q
p
xlL [repre-
sented in detail in parts (b), (c) and (d) of the same ﬁgure]. In
Fig. 4b, pass bands centered at
ﬃﬃﬃﬃ
Q
p
xlL ¼ 2:44;2:63 (cases sketched
in the lower part of Fig. 3, corresponding respectively to k = 1 and
2) are investigated. Each point represents the ratio pk(Fi)/pk(Fi+3)
between the width of the pass band for Fi and that for Fi+3. We
can note that, at constant k, the theoretical value of f is approached
as long as the index i increases, as also conﬁrmed by cases illus-
trated in Fig. 4c and d. This information can be exploited to design
systems requiring very narrow pass bands across some speciﬁc fre-
quency values.3. Flexural vibrations of a quasiperiodic beam
We now turn to the investigation of dispersion diagrams for
ﬂexural vibrations of a quasiperiodic multisupported beam. The
quasiperiodicity is given now by the particular position of supports
along the axis of the beam (Fig. 1b) which form the elementary cell
according to the Fibonacci sequence as in the previous problem.
The beam is homogeneous, with bending stiffness denoted by B
and subjected to a constant prestress N, so that the equation gov-
erning transverse displacements v(z) in the harmonic problem is
Bv 0000  Nv 00  qx2v ¼ 0: ð13Þ
The solution can be sought in the form v(z) = C exp(ikz), yielding the
characteristic equation
ðkrÞ4 þ NðkrÞ2  Px2 ¼ 0; ð14Þ
a b
c d
Fig. 4. Plot of coefﬁcient f [Eq. (12)] describing the scaling of lengths of pass bands centered at the same frequency passing from Fi to Fi+3. In part (a) the positions of insets
(b), (c), and (d) are reported. The notation pk(Fi) represents, for the axial problem, the length of the pass band for Fi at a frequency
ﬃﬃﬃﬃ
Q
p
xlL ¼ 2:44 (k = 1), 2.63 (k = 2), 5.30
(k = 3), and 7.75 (k = 4) (see also Fig. 3).
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N ¼ Nr
2
B
; P ¼ qr
4
B
: ð15Þ
Eq. (14) provides four solutions k, namely
k1;2 ¼ 1r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
N
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
N2
4
þ Px2
svuut
;
k3;4 ¼ 1r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
N
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
N2
4
þ Px2
svuut
; ð16Þ
which allow to build the general integral of Eq. (13) and where the
ﬁrst index is associated with sign ‘+’.
The dispersion diagram will be obtained following the same
procedure of the axial problem. Therefore, the transmission matrix
of the elementary cell Mi (relative to the sequence Fi) must be cal-
culated. To this end, we note that the conﬁguration of the beam is
deﬁned once the rotation u(z) and its derivative u
0
(z) at each con-
strained point are known. Then, paralleling the notation of the pre-
vious Section, we can write formally
V r ¼MiV l; ð17Þ
where V j ¼ uj u0j
h iT
and
Mi ¼
Yni
p¼1
MX : ð18Þ
MX (X 2 {L,S}) is the matrix of the receptances of a simply supported
beam of length lX, namely
MX ¼
wXbb
wXab
wXba 
wXbbw
X
aa
wXab
1
wXab
w
X
aa
wXab
2
66664
3
77775; ð19Þwhere
wXaa ¼
k1 cotðk1lXÞ  k3 cotðk3lXÞ
k23  k21
;
wXbb ¼
k1 cotðk1lXÞ  k3 cotðk3lXÞ
k21  k23
; ð20Þ
wXab ¼
k1 cscðk1lXÞ  k3 cscðk3lXÞ
k21  k23
;
wXba ¼
k1 cscðk1lXÞ  k3 cscðk3lXÞ
k23  k21
: ð21Þ
The above quantities depend on circular frequency and prestress N
through k1 and k3 that are given by Eq. (16).
The Floquet–Bloch condition requires that Vr = exp(iK)Vl, so
that, combining this with (17), the dispersion equation takes the
form
jMi  expðiKÞIj ¼ 0; ð22Þ
or
K ¼ arccos trMi
2
 
; ð23Þ
that is a real quantity if jtrMi/2j 6 1.
3.1. General results
Dispersion diagrams for the ﬂexural problem share several
properties with those obtained for axial waves in the previous Sec-
tion. Therefore, we brieﬂy recall their main characteristics before
focussing on the role of the prestress N, that is a feature of this
problem.
 An invariant function of the circular frequency, say Jﬂ(x), can be
deﬁned exactly as in Eq. (10), where, now, yi = trMi/2. The
expression of Jﬂ turns out to be
Fig. 6.
generat
generat
solution
Fig. 5. Plots of the invariant Jﬂ(x), Eq. (24), for the ﬂexural problem for different
prestress values N (for lS = lL/2). Points where the invariant vanishes for each N are
reported in the lower part of the ﬁgure.
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k21k
2
3
½k3 sinðk1lLÞk1 sinðk3lLÞ2½k3 sinðk1lSÞk1 sinðk3lSÞ2
fsinðk1lLÞsinðk3lLÞ½1cosðk1lSÞcosðk3lSÞ
þsinðk1lSÞsinðk3lSÞ½cosðk1lLÞcosðk3lLÞ1g2;
ð24Þa
c
Dispersion diagrams for ﬂexural waves for beams generated by elementary cells g
ed by elements Fi (i = 0, . . . ,7) and stop bands common to all elements of the Fibo
ed by a generic Fi with i = 0, . . . ,1), to all elements Fi with i = 1, . . . ,1, and to all
s for F1; solid lines: cumulated diagram for cases F2 to F7. In all plots lS = lL/2 anwhich is a modulated periodic function, sketched in Fig. 5 for
four different values of the dimensionless prestress N (lS = lL/2).
The interval between two consecutive values where Jﬂ is null is
not constant, as in the previous problem, but increases for
increasing dimensionless circular frequency
ﬃﬃﬃ
P
p
x. The function
Jﬂ is identically null for lL = lS, which corresponds to the case of
a beam resting on equidistant supports.
 Single dispersion diagrams for different generation sequences
are displayed in Fig. 6a and b which display cut-off frequencies
associated with the discrete distribution of supports, similarly
to the previous case. Ranges set by null values of the invariant
Jﬂ (Fig. 5) are reported to facilitate the analysis of the different
cases. Assuming an elementary cell built according to the
sequence Fi, in the ﬁrst range (that where 0 <
ﬃﬃﬃ
P
p
x < 0:03553
for N ¼ 0) the number of stop and pass bands equals ni, while
in all other intervals it corresponds to ni+1. Common stop bands
typical of the Fibonacci-like structure can be detected also for
ﬂexural waves, as shown in Fig. 6c.
 The distribution of pass bands follows a self-similar law when
the index i of the generation sequence Fi increases. This prop-
erty can be recognized looking at the rectangular boxes in
Fig. 7. Here the second frequency range (for which 0:03553 <ﬃﬃﬃ
P
p
x < 0:14212) is investigated in detail. All rectangles enclose
a number of pass bands that, starting from the top, follows the
Fibonacci recursion rule: 1, 1, 2, 3 . . . However, differently fromb
iven by sequences (a) F0 and F1, (b) F2 and F3; (c) global dispersion diagram for rods
nacci sequence (frequency intervals where waves cannot propagate in any structure
elements Fi with i = 2, . . . ,1; long-dashed line: solutions for F0; short-dashed line:
d N ¼ 0.
Fig. 7. Stop-band structure for beams generated by sequences F0 to F8, for lS = lL/2 and N ¼ 0; # sb/pb denotes the number of stop and pass bands in the second frequency
range ð0:03553 <
ﬃﬃﬃ
P
p
x < 0:14212Þ. Index k identiﬁes the values of the dimensionless frequency
ﬃﬃﬃ
P
p
x ¼ 0:06 (k = 1) and 0.0956 (k = 2) (see Fig. 8).
a b
Fig. 8. Coefﬁcient fﬂ [Eq. (12)] describing the scaling factor of pass-band lengths between Fi and Fi+3 for the ﬂexural problem. In part (b), the plot of fﬂ for N ¼ 0 is reported
(solid line) and the scaling is veriﬁed for pass bands at
ﬃﬃﬃ
P
p
x ¼ 0:060 (k = 1) and at
ﬃﬃﬃ
P
p
x ¼ 0:0956 (k = 2). In both cases the relevant value of fﬂ describes the pass-band length
scaling qk(Fi)/qk(Fi+3) at high index i.
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with respect to those of the preceding row strongly change,
depending on their position on the spectrum.
 Scaling of lengths of corresponding pass bands passing from
sequence Fi to that generated by Fi+3 is again governed, similarly
to the axial-wave problem, by a factor fﬂ, given in terms of
invariant Jﬂ by Eq. (12). This coefﬁcient depends on the fre-
quency and its plot is sketched in Fig. 8a for four values of N.
As in the axial-wave problem, fﬂ describes exactly the scaling
of pass bands, namely the ratio qk(Fi)/qk(Fi+3),2 only when the
generation index i is relatively high, as shown in Fig. 8b for two
cases (for
ﬃﬃﬃ
P
p
x ¼ 0:060, k = 1, and 0.0956, k = 2).
3.2. Effect of the prestress
The prestress N can be employed to modify and tune the
dynamic properties of a periodic beam-like structure, as shown
theoretically by Parnell (2007), Bigoni et al. (2008), and Gei et al.
(2009), and experimentally by Nudehi et al. (2006). Here we inves-
tigate how this parameter affects the positions of stop and pass2 qk(Fi) represents, for the ﬂexural problem, the length of the pass band for Fi at a
frequency corresponding to the index k.bands of the dispersion diagram for ﬂexural waves of a quasiperi-
odic, multisupported beam.3
In Fig. 9a, the stop/pass band distribution of a beam generated
by sequence F4 as functions of the axial load N (for
ﬃﬃﬃ
P
p
x <
0:1421) is reported. Six values of N are investigated: N ¼ 0:012,
a value slightly higher than the buckling load, that corresponds
to Nbuckl ¼ 0:01304 (footnote 3), N ¼ 0; 0:025; 0:05; 0:075, and
0.1. It is clear that a tensile stress shifts toward higher frequencies
the bands, almost in a linear fashion, while in compression they
move to lower frequencies. In the latter case, Gei et al. (2009),
studying the band-gap shift in dispersion diagrams for beams with
piecewise constant properties resting on an elastic bed of springs,
have shown that when the buckling load is going to be approached,
the effects can be dramatic, leading to strong modiﬁcations of the
shape of the lower branches of the dispersion diagram, and induc-
ing possible disappearance of the stop bands available for tensile or
null loads. Here it has been veriﬁed that no band-gap annihilation
occurs, however in Fig. 9b we show the strong inﬂuence of the
compressive axial load approaching the buckling load, specially3 Under a compressive load, the beam can reach the buckling state. The
dimensionless buckling load (Nbuckl) of an inﬁnite quasiperiodic beam constrained
as in Fig. 1b can be easily obtained setting x = 0 in Eq. (13) and treating N as the
eigenvalue of Eq. (22). The buckling loads in terms of the generation sequence Fi
are : NbucklðF0Þ¼0:03553; NbucklðF1Þ¼0:00888; NbucklðF2Þ¼0:01579; NbucklðF3Þ¼
0:01233; NbucklðF4Þ¼0:01304; NbucklðF5Þ¼0:01269; NbucklðF6Þ¼0:01276.
ab
c
Fig. 9. (a) Effect of prestress N on stop/pass band distribution for ﬂexural waves of a multisupported quasiperiodic beam generated by sequence F4; (b) effect of compressive
stresses on dispersion diagrams close to buckling ðNbuckl ¼ 0:01304Þ; (c) inﬂuence of N on pass-band lengths (represented by quantities w1/w01, w2/w02) and on stop-band
lengths (represented by quantities w1=w01; w2=w02). Subscript ‘0’ denotes values for N ¼ 0.
3074 M. Gei / International Journal of Solids and Structures 47 (2010) 3067–3075for the ﬁrst branch of the dispersion diagram, comparing cases
N ¼ 0:005;0:006 and N ¼ 0:012;0:013.
The axial load has also an inﬂuence on the length of stop/pass
bands. In Fig. 9c, the stop/pass bands that in part (a) lie in the range
0:08 <
ﬃﬃﬃ
P
p
x < 0:11 for N ¼ 0 (see the inset in Fig. 9a) are investi-
gated. In particular, the ratios between their lengths at different
N and that at N ¼ 0 are reported in the plot. We note that stop-
band lengths (see the behaviour of ratios w1= w01; w2= w02) are
weakly inﬂuenced by the prestress, while pass bands reduce (in-
crease) considerably their lengths when a tensile (compressive)
stress is applied (see w1/w01, w2/w02).
4. Conclusions
In this paper, the ﬁltering properties of multisupported periodic
rods and beams with elementary cells constructed following the
Fibonacci sequence have been investigated by determining the po-
sition of stop and pass bands in the relevant dispersion diagrams.
For both problems, we have shown that, for cells generated by dif-ferent terms of the Fibonacci sequence, the number of stop/pass
bands within a deﬁned range of frequencies changes, following
the Fibonacci recursion rule and showing a self-similar pattern, a
feature that can be exploited to design very sensitive ﬁlters. Inde-
pendently of the term that generates the elementary cell, we have
shown that the dynamic characteristics of structures for both axial
and ﬂexural problems can be described in terms of invariant func-
tions that control the scaling and the self-similarity of pass bands.
The axial load – or, in other words, the prestress – can be employed
to tune the properties of these structures for ﬂexural waves. There-
fore, we have investigated this possibility and found that a tensile
axial prestress promotes length reduction of pass bands, while
leaves almost unchanged the length of stop-band intervals.
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